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Abstract. In the present study, we define cyclic codes over the commutative principal ideal ring F, X
(F, + vlF,) with v* = v and obtain some results on cyclic codes over IF, X (IF, + vlF,). We also investigate
the dual of a cyclic code over [F, X (IF, + vlF,) depending on two inner products. We determine a generator
polynomial of cyclic codes and give the calculation of the number of cyclic codes over FF, x (IF, + vIF,).
Furthermore, we show that the Gray images of a cyclic code over FF, X (IF, + vIF,) of length n are binary
quasi-cyclic codes of length 37 and of index 3. We find numerous binary codes as Gray images of cyclic
codes over [F, X (IF, + vlF,) and tabulate the optimal ones. Moreover, we show that it is possible to obtain
binary quantum error-correcting codes (QECCs) from cyclic codes over [F, X (IF, + vlF,).

1. Introduction

Cyclic codes (C-codes) have been studied by coding theorists because of their algebraic structure. Since
C-codes can be described as polynomials or vectors, they present a different perspective in coding theory
and provide ease of use in application.

Codes over rings have gained attention after the seminal paper by Hammons et al. [1]. Hammons et
al. show in the paper that numerous good non-linear binary codes correspond to the Gray images of linear
codes (L-codes) over Z,. In light of this paper, codes over rings have been investigated by many researchers
[2-6]. For example, Zhu et al. [6] study on C-codes over [F, + vIF, of order 4 with v? = v. Later, by using
non-trivial ring automorphism on IF, + vlF,, Abualrub et al. [2] consider 0-C-codes over F, + vlF,. They
give the definition of 0-C-codes and characterize the generators of these codes over the ring IF, + vlF;.

Recently, many researchers have focused on codes over mixed alphabets [4, 7-11]. In most studies, for
two positive integers r and s, codes are considered as B-submodules of A" x B°, where A and B are two
rings [7, 9, 10]. Besides, Caliskan and Aksoy [8] consider codes as A x B-submodules of (A x B)", where
A = Fy, B = F, + vlF, with v* = v and 7 is a positive integer. They study the L-codes over the product ring
A x B and give the weight enumerators of these codes. Later, Aksoy and Caliskan [11] investigate self-dual
codes over A x B.

QECC:s play a pivotal role in protecting quantum information. The first examples of QECCs were given
by Shor [12] and Steane [13]. In the notable paper by Calderbank et al. [14], it is shown that QECCs can
be constructed from error-correcting codes over GF(4). Hence, researchers have sought to determine good
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QECC:s from C-codes over finite fields. Later, a lot of research on the theory of QECCs has been directed to
finite rings. We refer the reader to [15-18] for more details.

We focus in the present study on C-codes over the commutative Frobenius ring IF, X (IF; + vlF;) of order
8 with v? = v. We show that a C-code over IF; X (IF, + vIF,) is principally generated. Moreover, we determine
the generator polynomial of a C-code and find the number of C-codes depending on their length. We
obtain some optimal binary codes by using C-codes over IF, X (IF, + vlF;). We tabulate the optimal binary
codes as Gray images of C-codes over [F, X (IF; + vlF;). Therefore, we show that C-codes over the ring
IF, x (IF; + vlF,) can be used to construct optimal binary L-codes. Finally, as an application, we establish
QECC:s from Euclidean dual containing C-codes over IF, X (I, + vlF).

The organization of this paper is as follows. In Section 2, we mention some basic properties of the ring
IF; X (IF; + vlF,) and recall the L-codes over IF; X (IF; + vlF,), which are presented in [8]. We give the definition
of a C-code over [F, X (IF, + vlF;) in Section 3. Also, we describe the form of the generator polynomial and
the parity-check polynomial of a C-code over IF, x (IF; + vlF,). We show that the binary image of a C-code
over [F, x (IF, + vlF,) with respect to two Gray maps is a quasi-C-code of index 3. Moreover, we obtain
a number of optimal codes as binary images of C-codes over IF, X (IF, + vlF,). We construct QECCs from
dual-containing C-codes over IF, X (IF, + vIF;) in Section 4. We use Magma software [19] in all calculations.

2. Preliminaries

The finite commutative ring $ := [F, X (IF; + vlF;) was introduced by Caliskan and Aksoy [8], where F,
is the binary field and IF, + 0lF, is the finite commutative ring with v> = v. They also studied the L-codes
over  in [8]. In this section of the paper, we mention the properties of the ring $ and L-codes over $.

The ring $ is a Frobenius ring of characteristic 2. It can also be obtained that $ is a Boolean and principal
ideal ring. Moreover, the ring is not a local ring.

Let h = (hy,hy + vh3) and a = (x,& + vtr) be two elements in $. The multiplication on $ given as
ha = (h1x, ha& + v(hsé + (hp + h3)7T)) can be extended to " as

ha = ((hxy, ha& +o(h3éy + (hy + h3)T1)), . . ., (MK, ha & + 0(h3Ey + (ha + h3)Ty))),

where & = (ai,...,a,) € 9" such that a; = (x;, & +07;) € Hfor1l <i < n. H"is an H-module with this
multiplication. A L-code ( over $ of length 1 is an $-submodule of £".

Two Gray maps over $ are defined in [8]. The first Gray map @; :  — ]Fg defined as ®1((x, & + v1)) =
(x, &, & + 1) is a ring isomorphism. Its extension to $" is

(Pl((K/ ‘S + UT)) = (K, 6/ 5 + T)

for any «,&,7 € ). Let wy(x) be the Hamming weight of x € IF, and wj (€ + vT) be the Lee weight of
& + 01T € IFy + 0lF,. The Lee weight of (x, & +071) € $is wi((k, & +0v1)) = wy(x) + wj (¢ + v7). The second Gray
map P, : H — ]Fg defined as D,((x, & + v1)) = (k + &,k + T, + & + 1) is extended to H" as
P2((x, & +07)) = (K + &, K+ T, K+ E+1T)
for any «x, &, T € IF). The Gray weight of a € $ is wg(a) = 0if a = (0,0), we(a) = 1ifa = (1,1),(1,0),(1,1 +v),
wg(a) =21ifa = (0,1),(0,v),(0,1 + v) and we(a) = 3 if a = (1,0). The Lee weight (or the Gray weight) of an
element in " is the sum of the Lee weights (or Gray weights) of its components. We note that the Gray map
¢1 is distance-preserving from (9", Lee distance-d;) to (F3", Hamming distance-dy) and the Gray map ¢,
is distance preserving from (9", Gray distance-d¢) to (]Fg”, Hamming distance-dp).
Let x = (x1,x2, ..., X2), ¥ = (Y1, Y2, -, Yn) € (F2 + vIF2)". We recall that the Euclidean inner product and
n n
the Hermitian inner product of x and y are defined as (x, y)r = Y. x;y; and [x, y]lg = ). xi¥;, respectively,
i=1 i=1

where y; = yi+oy! = (v +y!)+oy! forall y/,y” € Fp. Leta = (ay,...,a,), B = (b1,...,by) € H" and

k,&,7,C,1,A € F,. The Euclidean inner product of @ and f is given as (&, ) = }.a;b; and can be defined as
i=1

((,&+01),(C,n+vA))=(k-C,(&E+vT, n+0A)E),
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where ‘" denotes the dot product in IF). Also, the Hermitian inner product of @ and f is given as [a, f] =

Y a;b;, where b; = (G, ni + 0A) = (G, ni + Ai + 0A;) for all {;, 13, A; € IF,, and can be defined as
=1

[(x,&+07),(C,n+vA)] =(x-C, [ E+vT, n+0A]lg).

Let C be a code over $". The Euclidean dual C*t of ( is defined as C*t = P e p)=(0,0), Va e H"}
and the Hermitian dual C** of ( is defined as C** = e la pl=(00), VYa € H"}.

One can obtain equivalent codes by permuting the coordinates of any code and interchanging the
elements v and 1 + v of all coordinates in necessary cases. Now, let us remind the following properties
about L-codes over 9.

Remark 2.1. [8] A L-code C over § of length n is permutation equivalent to Cy x C, where C; is a binary L-code of
length n and C, is a L-code over Fy + vlF, of length n, which is denoted as C= (Cl, Cz).

Lemma 2.2. [8] Let C** be the Euclidean dual of a L-code C. Then ¢1(C+#) = (¢1(C))**, where (¢1(C))*# is the
Euclidean dual of ¢1(C) as a binary code.
3. C-codes over $

We study on C-codes over the ring $ in this section. We find that both the Euclidean dual and the
Hermitian dual of C-codes over $ are also cyclic. Also, we seek the Gray images of C-codes over $ based
on the Gray map ¢; and the Gray map ¢,. Then, we obtain that the Gray images of any C-code over $ of
length n are binary quasi-C-codes of length 3n and index 3. Therefore, the benefit of working on C-codes
over $ of length 7 is that it is easier than working on binary L-codes of length 37 in application.

Definition 3.1. Let p(¢) = (¢,—1, €0, - - ., tu—2) be the cyclic shift of any element ¢ = (¢o, ¢1, ..., ¢4—1) in a code C over
9. C is called a C-code over $ 1fC is a L-code over $ and p(C) =C.

Let k be an integer and ¢ = (¢, ¢1, . . ., ¢4—1) be an element in C. Then the k-th cyclic shift of ¢ is defined as
p*(€) = (¢o—k, C1—t, - - -, tn—1-x) Where all the subscripts are computed modulo n. We note that p!(¢) = p(¢) and
-1 n—1
p(0)=p" (o).

Theorem 3.2. (Cy, C2) is a C-code over $ of length n if and only if Cy is a binary C-code of length n and (C, is a
C-code over IF, + vIF, of length n.

Proof. 1t is easy to see from Definition 3.1 and Remark 2.1. [J
Proposition 3.3. The Euclidean dual Ce of a C-code C over $ is also cyclic.

Proof. Let ¢ = (¢, ¢1,...,,-1) be an element of a C-code C of length n over $. If u = (up, u1,...,u,-1) € Cee,
then we have

{(c,u) = coug + QU1 + ...+ ¢_1uy_1 = 0.
Since ( is cyclic, p¥(c) € C for every integer k. Then {p(¢),1) = 0. Hence, for k = n — 1, we have
0 = (p"(e),u)
= CUp + QUL + ... + Uy
= CoUp_1 + LUy + ... + Cuo1lp_2
= (¢, p(w)),

which implies p(u) € C*¢. Therefore, C** is cyclic. O



F. Caligkan, R. Aksoy / Filomat 37:15 (2023), 5137-5147 5140
Proposition 3.4. The Hermitian dual Cu of a C-code C over $ is also cyclic.

Proof. The proof can be done analogously as in the proof of Proposition 3.3. [J

Let p(t) be a polynomial in the ring $[t]. It may be useful to consider p(t) as

p(t) =po+pit+...+ptt?
= (ro,50 + vtg) + (11,81 + vt )t + ... + (ru_1, 81 + Ot )t" !
=(ro+rt+.. . +r, " Lsg+sit+. o+ st oty + it + .+ 7))
= (r(t), s(t) + vt (1),
where 7(1), s(t), t(t) € F»[t]. Moreover, for two polynomials k(t) and I(t) in $H[t], we note that
kIE) = (ki (), ka(t) + vks (1)) (11 (1), L2 (t) + vl5(t))
= (ki (DL (1), k(D2 (t) + v(ka(DI5(1) + ka(B)l2(t) + k3()3(1))),

where k;(t), l;(t) € F;[t] fori=1,2,3.

Let 9, = [t]/(1t" — 1), where 1 = (1,1) € 9. There is a one-to-one correspondence between the element
¢=(,¢1,...,¢e-1)in H" and the polynomial c(t) = ¢o + a1t + ... + it in 9, where ¢; = (a;, b; + vd,) for
a;,bi,d; € F» and 0 < i < n — 1. Note that we can denote a codeword of ( as an element ¢ = (o, ¢1, .. ., ¢u_1)
in " or as a polynomial c(t) = ¢co + 1t +... + 1t lin 9, interchangeably.

Let c(t) = (a(t), b(t) + vd(t)) be a polynomial in $,. If we operate on c(t) with the polynomial e(t) = (t,1),
then we have

e(t)e(t) = (t, t)(a(t), b(t) + vd(t))
=t D@ +amt+.. +aat Ly +bit+ ..+ btV o(dy +dit + .+ d )
= (aot + a1t + ... + a1 t", bot + bit? + ...+ byt + o(dot + dit? + ...+ d,_1t")
= (ay_1 +aot +...+a, ot" 1, by +bot + ...+ by ot" +o(d, +dot + ... +d,ot" ).

Therefore, the product e(t)c(t) in £, corresponds to the cyclic shift of c(t). Since the codewords of a C-code
C over $ can be considered as polynomials in $,, we have the following result.

Theorem 3.5. A code (C over $ of length n is a C-code if and only if C is an ideal of $,,.

We note that every binary C-code ( of length 1 corresponds to a principal ideal of the ring TFa[t]/(t" — 1).
A binary C-code (; can be generated by the unique monic polynomial g;(t) of minimal degree in C; such
that g;(t) | t" — 1, and |C4] = 2"98@:®)_ Also every C-code gz over F, + vlF, of length 7 is a principal
ideal of (IF, + vlF,)[t]/(t" — 1). A C-code C, can be generated by the unique polynomial g(t) in C,, where
gt) = (1 + v)ga(t) + vgs(t) for go(t) | 1" — 1 and gs(t) | 1" — 1. If go(t) = gs(t), then g(t) = g2(t). Also
|Cy| = 22n~degg2(h)-deg(5() | For more details, we refer the reader to [6].

Theorem 3.6. There is a unique polynomial f(t) for a C-code C over $ of length n such that C = (f(t)), where
F) = (q1(t), (1 + 0)g2(t) + vg3(t)) and gi(t) | " — 1 for i = 1,2,3. Moreover, |C| = 23"~ deg(e1()-deglg()-deglga(t),

Proof. In light of Remark 2.1 and Theorem 3.2, we observe that C = (q1(1), (1 + 0)g2(t) + vgs(1))), where
C1 = (q1(t)y and Cz = (1 + v)ga(t) + vg3(t)) such that C = (C1, C2). We have |C| = 23010 =deg(g2()~deg(7:(1)
since |C] = [C1lIC2l. O

From Theorem 3.5 and Theorem 3.6, the following corollary which provides to consider C-codes over $
as principal ideals can be obtained.
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Corollary 3.7. 9, is a principal ideal ring.

Now, we give the form of a parity-check polynomial of a C-code ( over $ of length n. We consider the

polynomial by(t) = tg”l(—t; (i=1,2,3). Let E(t) = t4es®i®)p,(t71) be the reciprocal polynomial of b;(t) (i = 1,2,3).

In light of Theorem 3.6, we have the next results.

Corollary 3.8. Let C** be the Euclidean dual of C over $. We have C** = ((01(1), (1 + )by (t) + vbs(t))) and
|CLe| = 24e9(g1()+deglga(h)+deg(gs (1),

Corollary 3.9. Let C*# be the Hermitian dual of C over $. We have C+# = (01 (1), vba(t) + (1 + V)bs())) and
|CLH| = 24eq(gr(D)+deg(g2(H)+deg(gs(t))

The number of C-codes over $ of length n can be obtained for a given n using the next result.

Theorem 3.10. Let t" —1 = [T;_; p*(t) in [F2[t], where py(t) are pairwise relatively prime nonzero polynomials. The
number of C-codes over the ring $ of length n is [T;_; (o + 1)°.

Proof. The number of binary C-codes is [];_;(ax +1) and the number of C-codes over IF, +0F, is [ T;_; (ax +1)?
[6]. Thus, we obtain the result. O

Quasi-C-codes have been considered to obtain good L-codes in the literature. We recall the next concept
before giving the definition of quasi-C-codes. For an integer k, let ¢ be an element of IF5". We can write

¢ =(co, 1) 1)
= (colel -+ le@-1),
where ¢;) € IF] fori=0,1,...,k — 1. Let us consider the map
Y B S FY, i) = (pleo)l ple)l -- - Ip(eg-),
where p is the cyclic shift operator.

Definition 3.11. A binary code C of length nk is called a quasi-C-code of index k if y(C) = C. In particular, a
quasi-C-code of index 1 is a C-code.

Lemma 3.12. Let p be the cyclic shift operator. We have ¢1p = P31 and ¢op = P3¢2.
Proof. 1fx, &, T € IFj, then
(@10)((x, & + v7)) = P1(p(K), p(&) +vp(7)) = (p(K), p(&), P(S) + p(T))-
On the other hand, we obtain
(Y3p1)((x, & +vT)) = Y3(k, &, & + T) = (p(x), p(S), p(&) + p(T)).
Therefore, we have the desired equality. The second equality can also be obtained in the same way. [

We give the following theorem in order to characterize the images of C-codes over $ depending on the
Gray maps ¢ and ¢y.

Theorem 3.13. Let ( be a C-code over $ of length n. The binary images ¢1(C) and ¢o(C) are binary quasi-C-codes
of length 3n and of index 3.
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Proof. We know that p(C) = ( since C is a C-code over $. Therefore, we have

¢1(p(0)) = ¢1(C)-

Hence, by using Lemma 3.12, we obtain

P3(p1(C)) = ¢1(C).
Likewise, we have that gi)g(C) is a binary quasi-C-code of length 3n and of index 3. [

Here we give some examples to exemplify the obtained results. We obtain C-codes over $ of lengths
< 15. However, we tabulate the generator polynomials of C-codes over $ for lengths 2, 3, 7 and 15 and the
parameters of the corresponding Gray images of C-codes over $. Especially, we give generator matrices of
C-codes over $ of length 2. We restrict our results to optimal binary codes for lengths 3, 7 and 15. These
are the lengths that we obtained more optimal codes than the others. For the given length and dimension,
by an optimal binary code, we mean a code which has the highest minimum distance over IF,. We note
that the notation [n, k, d] in the tables means the parameters of a binary L-code of length 1, dimension k and
minimum distance d. In the tables, the column Number shows the number of codes of the same parameter
and the column Generator polynomial indicates the generator polynomial of one of the codes with the same
parameters.

Example 3.14. The factorization of the polynomial > — 1 in Fy is
2 —1=(1+t>%
The number of nonzero C-codes over $ of length 2 is 26. In Table 1, we list all the nonzero C-codes with their generator
matrices, generator polynomials and their binary images under the Gray maps ¢ and ¢.
Example 3.15. The factorization of the polynomial t* — 1 in Fy is
2 —1=1+)A+t+13).

The number of nonzero C-codes over $ of length 3 is 63. In Table 2, we give the generator polynomials of C-codes
whose Gray images under ¢, are optimal binary codes. Here, we consider the Gray images under the map ¢, rather
than the map ¢ since the Gray images under ¢, have better minimum distance than the Gray images under ¢ for
the same length and dimension.

Example 3.16. The polynomial t” — 1 in T, can be factorized as
YV —1=1+)A+t+t2)Q+12+ ).
The number of nonzero C-codes over $ of length 7 is 511. In Table 3, we tabulate the generator polynomials of C-codes
whose Gray images under the map ¢, are optimal codes over IF,.
Example 3.17. The polynomial 15 — 1 can be uniquely expressed in F, as
t 1 =1 +)A+t+)A+t+tHA+ 2 +tHA +t+ 2 + 2 + th).

The number of nonzero C-codes over $ of length 15 is 32767. In Table 4, we give the generator polynomials of C-codes
whose Gray images under the map ¢, are optimal binary codes.
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Table 1: C-codes over $ of Length 2

5143

Generator matrix Generator polynomial Gray image (¢1) Gray image (¢»)
[(0,0) (0,0)] (0,v) + (0, v)t [6,1,2] [6,14]
[(0,1+9) (0,1+0)] 0,1+9)+ (0,1 +v)t [6,1,2] [6,1,4]
[(1,0) (1,0)] (1,0) + (1,0t 16,1,2] 6,1,6]
[(1,0) (1L,0)] 1,v)+ (1,0)t [6,2,2] (6,2,2]
[, 1+2) (L1+0)] (L,1+0)+(1,1+0o)t [6,2,2] 6,2,2]
0,0) (0,0)
[ ©0,0) (0,0) ] 0,9) [6,2,1] [6,2,2]
[ Eg (1))+ i Eg ?)+ v) ] 0,1+0) [6,2,1] [6,2,2]
(1,0) (0,0)
[ (0,0) (1,0 (1,0) [6,2,1] [6,2,3]
(1,1 @] 1,1+, Dt [6,3,2] [6,3,2]
[ Egﬁl v) Eg: })Jr 7 ] 0,1)+ (0,1 + v)t [6,3,1] [6,3,2]
[ @D W ] (1,9) +(1,0)t [63,1] [6,3,2]
h 8157 ) 8:(1J)+ o) | 1, 1+0)+ (1,00t [6,3,1] [6,3,2]
_ Ecl) Z; 2(1) Z§ _ (L,v) + (0,0}t [6,3,1] [6,3,.2]
k %} : 23 5(1)1 . Z; | @1ro+01+0t [6,3,1] [6,3,2]
[ 1,0) (0,0) |
0,00 (1,0) | (1,0) [6,41] [6,4,1]
[ 1,1+0) (0,0)
00 (1,1+9) | (1,1+0) [6,4,1] [6,4,1]
[ (0,1) (0,0) |
0,0 (1) | 0, 1) [6,4,1] [6,4,2]
[ (1,1) (©,1)
01 @,1) | (1,1) + (0,1t [6,4,1] [6,4,2]
_ Glro) @1 L1+ 11+t [6,4,1] [6,4,2]
k 871]; 811); | 1,1+ 1,0t [6,41] [6,4,2]
L % 1)+ v) 5(1) })Jr K 1D+ 1+t [6,51] [6,5,1]
_ 8(1); 82; _ 1,1+ (1,0t [6,5,1] [6,5,2]
oo o (1,1) [6,6,1] [6,6,1]

00 LD
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Table 2: Optimal Binary Codes Derived from C-codes over $ of Length 3
Number Generator polynomial Gray image (¢)

1 (1,0) + (1,0)t + (1, 0)t? [9,1,9]
2 (L,0)+ (1,00t [9,2,6]
6 (1,1+9)+(1,1+0)t+(0,1+0)? [9,3,4]
2 (1,1) + (1, )t + (0, Nt? [94,4]
2 (1,1) + (0, )t + (0, Nt? [9,5,3]
8 (1,1) + (1, 0)t + (0, v)t? [9,6,2]
4 (L,H)+1,1+0)t [9,7,2]
1 (L, )+ (1,0t [9,8,2]
1 (1,1) [99,1]

Table 3: Optimal Binary Codes Derived from C-codes over $ of Length 7
Number Generator polynomial Gray image (¢2)
1 (1,0) + (1,00t + (1,0)f2 + (1,00t + (1,0)t* + (1,0)t> + (1, 0)t° [21,1,21]
1 (0,1) + (0, Dt + (0, D2 + (0, D + (0, D)t* + (0, )t> + (0, 1)t° [21,2,14]
2 (1,0) + (1,0)t + (1,0)t2 + (1, 0)t* [21,3,12]
4 (1,0) + (1, 0)t + (1, 0)12 + (0,0) + (1, 0)t* + (0, 0)t° + (0, v)t° [21,4,10]
2 (1, 1)+ (1, Dt+ 1, D + (0, D + (1, Dt* + (0, )t° + (0, 1)t° [21,5,10]
8 1L,1+90)+ (1,0t+ (1, 1+0)t>+ 0,1+ o)t + (1,1 + o)t [21,6,8]
6 (L, 1)+ (1, Dt + (1, D + (1,008 + (1, Dt* + (1,0)t° + (1, 0)t° [21,7,8]
2 (1, 1)+ O, Dt + (1, D + (1,003 + (1, t* [21,9,8]
2 (1, 1) + (1, D + (1, HE + (1, 0)t* [21,11,6]
2 (1,1) + (0, Dt + (1,00t + (1, D3 [21,12,5]
25 (1,1) + (0, Dt + (1,002 + (1, 0)t3 + (1, 0)t* [21,13,4]
8 (1,1) + (1,0t + (0,1 + v)t> + (0, D) [21,14,4]
2 (1,1) + (1, Dt + (1,002 + (1,0t [21,15,4]
2 (1,1) + (0, Dt + (1,002 + (1,03 [21,16,3]
14 (1,1) + (0,1 + o)t + (0, v)t? + (0, v)3 [21,17,2]
3 1O +@a,nt [21,18,2]
3 1,1+ @1, [21,19,2]
1 (1,1)+ (1,001t [21,20,2]
1 1,1 [21,21,1]
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Table 4: Optimal Binary Codes Derived from C-codes over $ of Length 15

Number Generator polynomial Gray image (¢2)
1 (1,0) + (1,0)t + (1, 0)t% + (1, 0)£ + (1, 0)t* + (1,0)t° + (1, 0)t° + (1,007 + (1, 0)t® + (1, 0)t° + (1, 0)t™ + (1, 0)t™ + (1, 0)t + (1, 0)t™ + (1, 0)t™ [45,1,45]
2 (1,0) + (1,00t + (1,00t + (1, 0)t* + (1, 0)t° + (1, 0)t” + (1,0)t° + (1, 0)t'0 + (1, 0)t'2 + (1, 0)t"3 [45,2,30]
2 (1,0) + (1,00t + (1,0)t2 + (1, 0)t> + (1, 0)t> + (1, 0)t” + (1, 0)t® + (1, 0)t" [45,4,24]
4 (1,0) + (1,0)t + (1, 0)t% + (1, )£ + (0, v)t* + (1, 0)t° + (0, v)t® + (1, )7 + (1, )t + (0, v)t° + (0, V)t'0 + (1, v)t!! + (0, v)t'2 + (0, v)t' + (0, v)t™4 [45,5,22]
2 (1, 1) + (1, Dt + (1, D2 + (1, )t + (0, Dt + (1, D + (0, D® + (1, D7 + (1, )8 + (0, D + (0, D + (1, )t + (0, 1)t*2 + (0, D' + (0, 1)t [45,6,22]
4 (1, 1) + (0, Dt + (0, 0)t% + (1, )t + (1, Dt + (0, 0)t° + (1, D® + (0, )7 + (1, 0)t® + (1, D + (1, D + (1, 0)t!! + (0, 1)t12 + (0, D' + (0, v)t14 [45,7,20]
2 (1, 1) + (1, Dt + (1,0t + (1, DE + (0, I)t* + (1,0)t + (0, 1)t° + (1, D7 + (1, O)® + (0, 1)t° + (0, D' + (1, 0yt + (0, )t'2 + (0, 1)t'3 [45,8,20]
8 (LD + @D+ 1,1 +0)t2+ O, DB + (1, o)t + (1,1 + o)t + (0,0)t° + (0, D7 + (1,1 + o)t8 + (0, v)t° + (1, )t + (0,1 + )t + (0, v)t'2 + (0, V)13 [45,11,16]
2 (1,1) + (0, Dt + (0, D2 + (1, 1)t + (1,0t + (0, D> + (1,0)t° + (0, )7 + (1, 1)t® + (1, 0)t° + (1, 0)t10 + (1, 1)t"? [45,12,16]
2 (1,1) + (1,00 + (0, DT + (0, I)t* + (1,00 + (1, )t® + (1, Dt® + (1, D + (1, 0 + (0, " [45,13,16]
4 (1, 1) + (0, Dt + (1, D2 + (0, )t* + (1, t° + (1,00t + (1, D + (1, 0)t° + (1, 1)t1° [45,15,14]
4 (1, 1) + (1,0t + (1,002 + (0, )t + (1, )t + (1, D + (1, D + (0, D + (1, 0)t1° [45,17,12]
18 (1, 1)+ (1,1 + o)t + (0, ) + (1, Dt + (1, 0)t5 + (0,1 + v)t° + (0, v)t® + (0, v)t° [45,25,8]
10 1,1+ 1ot + 1, 1+0)2+ 0,0 +(0,1+0)t* + (1,1 + 0)t® + (1,0)t° + (1, v)t” [45,26,8]
2 (1, 1) + (1, Dt + (1,00t + (0, DT + (1, 1)t> + (1, 0)t° + (1, 0)t7 [45,28,8]
2 (1,1) + (0, Dt + (1,002 + (1, )t + (1, 0)t* + (0, D + (1, 0)t° [45,29,7]
28 (1, 1) + (0, 0)t + (1, 0)t% + (0, )t + (1,1 + v)t* + (1, 0)t> + (0, v)t® [45,30,6]
10 (1,1) + (1,1 + o)t + (0, 0)t> + (1,00 + (0, Dt* + (1, )t [45,31,6]
2 (1, 1) + (1, Dt + (1,00t + (0, )t* + (1, 0)t° [45,32,6]
56 1,1+ @0t + 1, 1+0) + (0,1 +0)t* + (1,005 [45,35,4]
18 (1,1) + (0, )t + (1, 0)t% + (1,0)£3 + (1, 0)t* + (1, 0)t0 [45,36,4]
6 (1, 1) + (1, Dt + (0, 0)t2 + (1,00t + (1, 0)t° [45,37,4]
2 (1, 1) + (1, Dt + (1,00t + (1, 0)t° [45,38,4]
2 (1,1) + (0, )t + (1,0t + (1, 0)t [45,39,3]
33 (1,1) + (0, 0)t + (0, v)t? + (1, 0)t3 [45,40,2]
15 (1,1) + (0,0)t + (0,1 + )t3 [45,41,2]
8 (1,1) + (1,0)t + (0, v)t? [45,42,2]
4 (1,1) + (1,00t + (1,0)t? [45,43,2]
1 (1,1) + (1,00t [45,44,2]
1 1,1 [45,45,1]
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4. QECC from C-codes over $

A g-ary QECC of length n is defined to be a ¢* dimensional subspace of the g" dimensional Hilbert
space (C7)®" and denoted by [[n, k,d]], where g, ®1 and d are a prime power, the tensor product of vector
spaces and the minimum Hamming distance of the QECC, respectively. There are some methods used to
obtain QECC. One of them, the Calderbank-Shor-Steane (CSS) construction, is an important method given
to construct QECCs from L-codes over finite fields. Now, let us give the CSS construction.

Theorem 4.1. [14] Let C and C’ be linear [n,ki,d1] code and [n, ky, d»] code over GF(q). There exists an [[n, ki +
ky — n,min{dy,d>}]] QECC if C*+= < C’. Specially, there exists an [[n, 2k; — n,d1]] QECC if C*= ¢ (.

Next, we give dual-containing conditions both for C-codes over [F, and IF, + vlF,, respectively.

Lemma 4.2. [14] Let C be a binary C-code with the generating polynomial f(t) and f(t) be the reciprocal polynomial
of f(t). The code C contains its dual if and only ift" —1 =0 (mod f(t)f(t)).

Lemma 4.3. [20] Suppose C= (g(t)) is a C-code of length n over Iy + vlF,, where g(t) = (1 +v)g1(t) + vga(t). Then
Cte c Cifand only ift* =1 =0 (mod g:(t)g:(t)), where gi(t) is the reciprocal polynomial of g;(t) fori =1,2.

C is called a Euclidean dual-containing code if Cie ¢ C. Now, we give a result about the Euclidean
dual-containing C-codes over $.

Theorem 4.4. Let C = (f(t)) be a C-code of length n over $, where f(t) = (g1(t), (1+0)g2(t) +vg5(t)) and gi(t) | "~ 1
fori=1,2,3. C*¥ ¢ Cifand only ift" —1 =0 (mod g:(t)7:(t)), where gi(t) is the reciprocal polynomial of gi(t) for
i=1,2,3.

Proof. Inlight of Theorem 3.2, the result can be obtained by using Lemma 4.2 and Lemma 4.3. [

The following result can be obtained as a consequence of Theorem 4.4.
Corollary 4.5. Let C = (C1, Cy) be a C-code of length n over $. Cc(C if and only szllE c Cqand C‘ZLE c Co.
Next, we give a result to obtain QECCs from dual-containing C-codes over the ring $.

Theorem 4.6. Let C be a C-code over $ of length n with minimum Lee weight d;. If C+¢ C C, then there exists a
binary QECC with parameters [[3n, 2k — 3n,d ]], where k is the dimension of qbl(C).

Proof. Suppose C+t ¢ C. We know that qbl(ClE) = c{)l(C)lE from Lemma 2.2. Let ¢ € cpl([}f). There exists
¢ € C** such that ¢ = ¢1(¢’), since ¢ is a ring isomorphism. From ¢’ € C+tand C*t c C, we have ¢ € (C.
Then ¢ = ¢1(¢) € @1([:) which means (;bl(C)lE - ¢)1(C). Here cpl([:) is a binary L-code [3n,k,d]. From
Theorem 4.1, there exists a binary [[3#n, 2k — 3n,d;]] QECC. O

Example 4.7. The polynomial t8 — 1 has the factorization as
-1=01+1%in F,.
Let
g)=1+t, ®) =1+t and gs(t) =1+t +*+£.

Then, C = (1 +t,1 + vt + 12 + v13)), which we can write as C = ((1,1) + (1,v)t + (0, )t? + (0, v)t3), is a C-code
over § of length 8 with minimum Lee weight 2. By Theorem 3.13, ¢1(C) is a binary quasi-C-code of index 3 with
parameters [24,18,2]. We obtain that

G =1+t, M) =1+t and Gt)=1+t+t*+t.
Thus, gi(t)gi(t) | -1 fori =1,2,3. Therefore, by Theorem 4.4, we have C+t ¢ C. Hence, there exists a binary
QECC with parameters [[24,12,2]] by Theorem 4.6.

In Table 5, we give binary QECCs obtained from the C-codes over $ of lengths < 15. The first column
denotes the lengths of the C-codes that we used to obtain binary QECCs. The second column consists of
the generator polynomials of the C-codes. The third column shows the parameters of the Gray image of
the C-code under the map ¢;. The last column indicates the parameters of the binary QECCs.
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Table 5: Binary QECCs Derived from C-codes over $

Length  Generator polynomial Gray image (¢1)  [[n, & d]]
2 1,1+ (@1,nt [6,3,2] [[6,0,2]]
3 (1,1) [9.91] [[9911]
4 (1,1) + (1,1 + o)t + (0, 0)t2 [12,8,2] [[12,4,2]]
5 (1,1 [15,15,1] [[15,15,1]]
6 (1,1) + (1, Dt + (1, )t [18,13,2] [[18,8,2]]
7 (1,1) + (1, 0)t + (0,1 + o)t? + (1, Dt [21,12,3] [[21,3,3]]
8 (1,1) + (0, D)t + (1, 0)2 + (0, 0)t3 [24,18,2] [[24,12,2]]
9 (1,1) [27,27,1] [[27,27,1]]
10 1,1+ (@1,0)t+(0,1+0)t [30,23,2] [[30,16,2]]
11 (1,1 [33,33,1] [[33,33,1]]
12 (1,1) + (1, Dt + (0, v)t2 + (0, v)t* [36,30,2] [[36,24,2]]
13 (1,1) [39,39,1] [[39,39,1]]
14 (1,1) + (0, o)t + (1, D2 + (0, 0)t3 + (1, 1)t® + (0, v)t” [42,23,3] [[42,4,3]]
15 (L) +1,0)t+(0,1+0)t+ (1, Dt* [45,33,3] [[45,21,3]]
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